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Example 2 To what diagonal matrix is the following matrix 4 similar?

3 2 2
A=12 2 0
20 4

Since 4 is symmetric, we know that 4 is similar to a diagonal matrix. To
find which diagonal matrix 4 is similar to, we need only compute its

characteristic polynomial,

§2 SYMMETRIC MATRICES

We take as our first vector

o8- 8-

Then the second satisfies x + y + z =0 and x — y = 0. It thus has the form

x=cy=c,z=—2¢c. To insure that the vector is a unit vector, we take
x—=3 -2 -2 uﬂa.ﬁwcm,
Ci(x)=l =2 x-2 0 |=x>—9x+18x=x(x—3)x—6)
-2 0 x—4 L o 0
‘ V3 V2 Ve
Thus, 4 is similar to a diagonal matrix having diagonal entries 0, 3, and U= L. __L 1
6. . ¢ V3 vz Ve
€ 0 -
Vi Ve
Example 3 For the following matrix 4, find a matrix Q such that I/ "4 U is
diagonal. .
—1 2 2 EXERCISES
A= 2 1 2 .
2 2 -1 1. For each of the following matrices 4 determine an orthogonal matrix ¢/ such that

First, we compute the characteristic polynomial

x+ 1 -2 -2

Ci(x)=| =2 x+1 =2 |=x*+3x2-

-2 -2 x+1

Next, the m.mmgm_umoom corresponding to the eigenvalues 3 and —3 can be

found by solving the equations

tors
~4x+2y+2z=0 2x+2y+2:=0 _ =1 .
2x—4y +2z=0 and 2x+2+2z=0 |2k s
2x+2p—4z=0 2x+ 2y +2z=0 - -

The solution to the first system is x =y =z =
second system, any vector satisfying x + y + z = 0 is a solution, Thus, ~a unit
eigenvector corresponding to the eigenvalue 3 is

3| 8- 5

For the eigenvalue — 3, we must choose two orthogonal unit vectors satisfying
x+y+z=0. We write one unit vector satisfying this equation. A second is
then determined by the equation and the fact that it is orthogonal to the first.

U~'4U is diagonal.
R R IO
[ 2 -4 2 __a_;;lm -6 0 @[-1 -2 1

—4 2 -2 Ee6l 006 -2 2 -2
2 -2 -1 Lo 63 1 -2 -1

9x — 27 = (x = 3)(x + 3)?

2. Find a 3 >3 matrix 4 having mwmmndmmcmw 1, o - w and corresponding eigenvec-

3. For each of the mo=o€5m matrices A Qmﬂmﬂmﬁ a Ewg matrx U man_._ that
U~'AU is diagonal.

(a) ﬁ rm m. F ® TMN ..H _m, J

4, Let B be a real 3 X 3 matrix that is similar to'a diagonal matrix having diagonal
entries x;, x,, x5. Show that al; + 6B 1§ similar .to a diagonal matrix having
diagonal entries a + x\b, a + xb, a + Hmw “To.which diagonal matrices are the
following matrices- similar?

@T J W e b b1 ©fa 0 b

¢, with ¢ arbitrary. For the

b a b a b 0 « 0
wv.u b 0 a

5. To what diagonal matrix is the matrix Tw M.Hm”mmném_.@
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Since
(T (x), x) = (x, T(x)), as T is symmetric
Mx, x) = A(x, x)

Since x #£0, (x, x)# 0, and A= A Thus, A is real. @

Note that the same result holds if 4 is an # X n Hermitian mairix, that is,
A= A* Indeed,

(Ax, p) = (Ax)*y = x*A*y = x*Ay = (x, Ay)

If Ax = Ax, the proof above yields A=A .

If T is a symmetric operator on an inner product space, by observing
that the matrix representation of 7' with respect to an orthonormal basis is
Hermitian, it follows that all eigenvalues of T are real. _,

We say that a matrix is orthogonally diagonalizable if it is orthogonally
similar to a diagonal matrix. In §7.1 we saw that a matrix 4 is diagonalizable
over the reals if and only if R" admits a basis of eigenvectors of 4. In the
same way, it may be shown that a matrix 4 is orthogonally diagonalizable if
and only if R" admits an orthonormal basis of eigenvectors of 4. With the
‘same idea in mind we say that a linear operator T on an inner product space
V is orthogonally diagonalizable if V' admits an orthonormal basis of T
eigenvectors.

We now prove the main theorem of this section.

Theorem 2 Let T be a symmetric linear operator on a finite-dimensional
inner product space V. Then ¥ has an orthonormal basis of eigenvectors of
T.

PROOF The proof is by induction on dim V. The theorem is obvious if dim
Ve,
' We know that T has a (possibly complex) eigenvalue. (Take any root of
the characteristic polynomial.) By Theorem 1, this root is real. Thus, T has a
real eigenvalue. Let x be an eigenvector corresponding to this eigenvalue. So
we have T(x) = Ax, with A real. We may assume |x| = 1. .
Let H be the orthogonal complement of x in V. We claim: If & belongs
to H, so does T{h).

Indeed,
(T, x)=(h, T(x)) (by symmetry of T)
= (h, Ax)
=A(h, x)

=0 (since k belongs to H)

Thus, T (k) belongs to H, as well.

32 oSYMMEITHIC MATHILES

Tt follows that if T is restricted to H, T is a linear operator on H. Since

dim H = dim V — 1, by induction hypothesis, H has an orthonormal basis of
T eigenvectors, $ay X, X3, . . ., X,. 1HUS, Xy, Xgp ..., X, is an orthonormal
basis for V of eigenvectors of 7. W

As a consequence of this theorem, we have

(1) If A is a real symmetric matrix, 4 is orthogonally similar to a real
diagonal matrix. o .

(2) If A is a Hermitian matrix, 4 is unitarily similar to a real diagonal
matrix.

It is interesting to note that the only matrices that are orthogonally
similar to diagonal matrices are symmetric. Indeed, let 4 be a matrix that is
orthogonally similar to the diagonal matrix D. Then, there is an onwomoz&
matfix U such that U~'4U = D. 1t follows that 4 = UDU . Since U is
orthogonal, U ~''= U7. Thus, A = UDU". Therefore, 4 T=(UDU JM =
(UTYDTUT = UDTUT. Now since D is diagonal, D7 =D. Thus, A" =
UDUT. Tt follows that 47 = 4, and so A4 is symmetric. Thus, a real matrix is
orthogonally diagonalizable if and only if it is symmetric.

mxmiu.m._:\_n m ..:u msmm:oh.ﬁromoqpm_ .Ems.mx chor:gmﬁQ:KQ

is diagonal.
In this case, C,(x) = x> —4x + 3 = (x — 1)(x — 3). Thus, the eigenvalues

“of 4 are 1 and 3. To find the corresponding eigenvectors, we must solve the

systems
2x+ y=x and 2x+ y=3x
x+2y=y x+2y =3y

-

Doing this, we obtain the eigenvectors M IMM and ﬁmw, with ¢ and d
arbitrary. Next, we choose ¢ and d so that the eigenvectors have length 1.

Thus, take c=d = /\PN The matrix U can be mﬂﬁu& by writing the eigenvec-

tors in its successive columns. We find that -

Note that U is an orthogonal matrix. ww En&mw U has been chosen, it
follows that U "4 U is the diagonal matrix with diagonal entries 1 and 3. We
verify this although it is not really necessary. Note

: vz L1 1l{1 2 -

S S E
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{d) Prove that

- 16 16 4 J 20 -2 -10 . -6 4 6
hi12 12 3 [+s(=3"-30 30 15|+H(-H| 18 -12. -18
g8 8 2 40 -40 -20 —48 32 48
Xy
(e) If the initial population is [ ¥; |, show that the population distribution
Xy |- )

AA.H_ + n—..NM + .X.uv 4 .
— 3 | after enough time has elapsed. (In fact,
2

after 10 vears the distribution is correct to within 1% of the total population.)

approaches

Let 4, Ay, A3, ... be a sequence of real n X n matrices. The sequence is said to

approach the limit L if for all i and j, the sequence of entries in position (i, j)

approaches the entry of L in position (7, ). This is written as lim 4, = L.

(a) If lim 4, = L and B is an invertible n X a matrix, show that lim B4, B =
B~LB. .

(b) Let A be a 2 x 2 real matrix having positive entries. Show that the sequence
A, A% 4%, ... of powers of A has a limit if and only if the eigenvalues A, and
Ay of A satisfy —1 <A, < 1 and — 1< A; < 1. [Hint: Use exercise 15.]

(c) If in (b) neither eigenvalue is 1, show that the limit of the sequence is 0.

On the vector space P,, show that the linear operator T(f) = xf” is diagonalizable.

For each of the following matrices 4 find a complex matrix B such that B ~'4B is
diagonal.
(a) 2 4] ®[_0 1] @fo 01
4 3 -1 0 01 0

Let a, b, and ¢ be arbitrary numbers. A séquence is defined according to the

following rule: x; = a, x, = b, x;=¢, and for all k > 3, x, is the average of the

three elements of the sequence that precedes it. Thus, x, = (a + b+ ¢), xs=§(a

+4b + d¢), and so on. Show that the limit of the sequence is f(a+ 26+ 3¢). .
[Hint: Let v, be the vector with first component x; .4, sécond component x; , g,

and third component x,. Find a matrix 4 such that v, = Ay, for all &, and

compute the powers of 4.]

Let 4 and B be two n X # matrices (real or complex), and let x be a fixed scalar.
(a) Show that if A is sufficiently large,

amﬁ_”xﬁ_ —(4 - >~=:L = ao‘%xb — B(4 - ?F:

[Hint: If A is big enough, 4 — Al, is invertible.]
(b) Using part (a) show that for all A

det[ xI, — (4 — N, ) B} =det[ x], — B(4 —AL)]
[Hint: Two polynomials that are equal at infinitely many points are equal
everywhere.]
(c) Show that C,g(x) = Cg,(x).

Let A be an » X » real matrix with » real distinct eigenvalues. If B is real and
commutes with 4, show that B is diagonalizable.

§2 SYMMETRIC MATRICES

23 If

4y dnn 4p
A=|ay axp dxn
a3 dyp 4z

show that the coefficient of x in C,{x) is

an 43
a3 4dz3

4z . Gxn
dy 33

a4
ayn axp

+ +

2 SYMMETRIC MATRICES

If 4 and B are two n X r matrices msa there is an omEomom& matrix Q
su¢h that 4 = U Lm? we say that 4 and B are orthogonally similar. Since U
is orthogonal, U~' = UT. Thus, 4 = UTBU. If U is unitary and 4 = U TiBU,
A and B are said to be unmitarily similar. In this section, we show that any
symmetric matrix is orthogonally similar to a diagonal matrix, In particular, it
follows that any symmetric matrix is diagonalizable. ..

In this section, we often use the standard inner ?.onzﬁ ow R" anwmma vw
(x, )= xTy. On C" we use the inner product (x, y) = x*y of §6.2.

Suppose that 4 is a real symmetric matrix and T(x) = Ax.is'the linear
operator induced by 4. We observe that

(T(x),p)= AHT&V%% = Tm.«vﬂ.z = x4 Ty=xTdy=(x, HC‘& :

Thus, 7 has the property that (7(x), ) = (x, T'(»)). Any: linear operator on
an inner product space that has this property is said to be symmetric. It is not
hard to show fusing exercise 14 of §6.2) that the matrix representation of a
symmetric operator, with respect to the standard basis for R” (or any other
orthonormal basis) is symmetric. In proving things about symmetric matrices,
it is generalily useful to keep the property (T (x), ) = (x, T(y)) in mind.

Our first objective is to prove that all nga,m_ﬂmm ofa mu.ﬂﬁnnﬁn fHatrix
mmaamm_bsﬁdma : o SO

._._._mo..m_.:._HoTAgmﬁxX:Rm_mu\EBmanEmax.HWumw% mmmm.m,_,m_mm
of A is real. e

PROOF Let T be the linear operator on hs awmﬁmm .cw HAHV kk hmﬁ
A , ) be the standard inner product on C”, ie., (x, ¥) = x*y, for all x and y
in C". As above, (T(x), y) =(x, HA.SV
If T{x)=Ax,
(T(2), x) = (e, 2) =AGws )

and .
(x, T(x)) = (% Ax) =A(x, x)
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F w.u. N n

EXERCISES

I. Determine the characteristic polynomial and eigenvalues of the following

matrices. :
(a) ﬁ 2 J (b) ﬁ 3 2 (c) 3 2 d [2 1
l_.lm -2 -1 ﬁlm IL TU IL
(e) 7 8 8 71 0
.
-0 —-11 -10 o 10 ® H_V w #
4 4 3 1 0.1 1 1 0
2. Determine the ei i i
Deermr eigenvalues and oon,mmwoam_um eigenspaces of the following
@I[1 1 17 ®[-5 3 0] @[ 01 -0
0 1 1 -6 4 2 ~1 2 0
0 0 1 2 -1 1 I 1. -1
dJrr 11 f
1 11
1 1 1

3. Show that the following matrices are diagonalizable, and find the &mmmbm_ matrix

to which each is similar.

@/t 1 1 ®)[2 2 0 () -2 —4 -5

0 2 1 1 1 2 1
3 i
0 0 3 1 1 27 2 2 5
4. Determine theaxis of rotation of the following rotation matrices.
@ w -2 6] (b) 2 -1 2] ([0 0 1
- § -3 2 -2 -2 1 1 00
-6 -3 1 -2 -2 0 1 0

5. Determine the characteristi i i i .
oo racteristic polynomial and eigenvalues of the following operator

@ D(N=F  ® SUND=fx+1)  (© T(=01—xDf" - 2xf"

6. If A=[ay] is an nx n upper triangular matrix, show that Ci(xy=(x—ay)

A.x. - Qmmv toer ﬁk.! Qx:v.

7. Let A be an n X # matrix havin isti :
. . g characteristic pol —ay :
diagonalizable, show that 4 = al,, polynomial (x —a)", If 4 is

& Let 4 be an n X 7 matrix. If the su i
trix. m of the entries on all columns of A4 i
s, show that s is an eigenvalue of A. s cquatto

9, .,WN Em mﬂmﬁ.@ﬁ.a of mm._.. three .ooavmbmmm control the market for a certain product.
€ following stochastic matrices give the retention and loss of customers, as in

§1. . EIGENVALUES AND EIGENVECTORS
example 4. Compute the stable states of the market.

@) ®) [ )

wl— el AW
L e
cojn Oole= Ba|—
Bl = b~
al— M= Al—
ENE S E
Wl )= W
Bl ] B
Qe Olde Bl

L
10. For each of the following matrices A, find a matrix B such that B'4B is

diagonal.
(a) 6 1 -3 by [1 1 -1 )3 2 =2
-5 0 3 2 1 2 4 1 -2
71 —4 |2 -1 4 8 4 =5

11. Show that two diagonalizable matrices are similar if and only if they have the
same characteristic polynomial. -
12. (a) If A is an # X » matrix and AT=M4, show that A= x1,if 4 %= 0.
(b) Show that the only eigenvalues of the linear transformation of the space of
¢ »x n matrices into itself defined by T(4)= AT are *1.
{(¢) Determine the eigenspaces of each eigenvalue.

13. Hu.mba a mnbn__.& formula for the nth power of the following matrices.
(a2 -2 ) [3 1 )2 1
2 -3 1 3 1 2

14. Let T be a linear operator on a m_aﬁo-&:pmn&oﬁ& vector space V. Show that T is
invertible if and only if 0 is not an eigenvalue of T.

_m.rmﬁx_ﬂ T“ wL _u@mme_.mm_BmiﬁEamccvommﬁwﬂm:o:_..ngﬁom .omk.

are positive numbers.
(a} Show that the eigenvalues of A are given by the formula

1((a+d)xyfa—d) +4bc )

-
(6) Show that the eigenvalues of 4 are real and distinct.
(c) Show that at least one eigenvalue of 4 is positive,
(d) Show that there is an eigenvector corresponding to the largest eigenvalue such
that both components of the eigenvector are positive. -

16. As in example 3 of §2.5, we study the population changes of a certain animal:
species. Here we suppose that there are only three age groups. Let o be the
3-vector whose components give the number of members of each age group: Let
T(v) give the population distribution after a year has elapsed. We suppose that

T(v) is given by

T(v) = Av=

O ake b=

Wi O Sl

[== R e
<

(a) Interpret the entries of the matrix 4. .
(b) Find the characteristic polynomial and eigenvalues of 4.
(¢) Find a matrix B such that B ~'4B is diagonal. ,
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i Il Al § N AE=—T s 7

Note that though B, has no real eigenvalues, it is diagonalizable over the
complexes. . :

Many calculations involving diagonal matrices are easily performed. 1t
is, for example, quite simple to compute high powers of diagonal matrices.
Such calculations can also be performed with diagonalizable matrices. For
example, if C is diagonalizable and B~ \CB = D is diagonal, to compute C%,
we need only compute D". Then, C"= BD"B =1, In exariple 4 of §5.8, this
procedure was used to compute high powers of a stochastic matrix. We
present another example of this type.

In this case we B.m% also provide an expli t 1 ulati
” . a plicit means for calculating the
.u.u»:.cn B such that w .Crw = D is diagonal. Indeed, let x,, ..., x dm the
.Qmﬁéﬁoa cotresponding to Ay, ..., A,. These vectors may be found by
“solving the system of linear equations (4 — A)x = 0.
Let B=[x,, %y, . .., x,), that is, B is the matri jth column i

s Xgy oo s Xy, \ matrix whose ith column is x;.

Then Be; = x; and B ~'x; = ¢, Consequently, "

(B~4B)e,= B ~'(Ax,)

=B~ (Ax)
Example 10 Oow%in chif C= T_ - m g .

In this case the characteristic vo_vﬁoﬁmm_ of C is x*— 5%+ 6=
(x — 2)x — 3). Thus, C has ecigenvalues 2 and 3, and by Theorem 4, C 18
diagonalizable. The eigenvectors corresponding to the eigenvalues 3 and 2,
respedtively, can be obtained by solving the systems

=\e;

-1 . . . .
M?wmu B ww is a diagonal matrix with successive diagonal entries
1 AD - Ay , .

Example 8 Let

-2 3 1 —x+2y=0 —2x+2y=0
= d
A=l 0 1 1 Cxt2y=0 O x— y=0
. -3 4 1 | E .
Then We find that j g and ﬁ ﬂ g are &moamﬁoﬂm corresponding to the eigen-
x+73 -3 -1 . values 3 and 2, respectively. We set B= : w g it follows that B '=
Q\_A.Kv“ 0 x—1 -1 "unwalb.unl.ﬁﬁuh 2 - . . , . .
= —2{x+2 1 1 —1 - 3 0
R S W +2) ﬁ | L and that B CP T ’ % Therefore,

Thus, the eigenvalues of A are 0, 2 EE. 2; which i ot . i
’ = are U, 2, 2 are real and- distinct. It n_pgl3 O 12 1f3 0 1 -1
follows that there is a real invertible 3 X 3 matrix B such that =5 0o 2" B 1 1jlo 27]l -1 2

2.3 -2 —2.3 420!

0 0 0 , +1
B-Y4B=l0 2 0 gy 32
0 0 -2

A similar procedure shows that if f is any polynomial -

£(C) = 2f(3)— (2} lmx9+wa§._‘
-2 3+

B may be mmﬁnaﬁmboa .mxv:o:q by finding the eigenvectors corresponding to
0, 2, and —2 and writing these as successive columns of the matrix B.

Example 8 Let

B, =| 08 § —sind g Uw.mebmmNmEm matrices are easy to compute with. However, it is not true

sin § cos # that all matrices are diagonalizable.

Earlier, we saw that B, has the complex eigenvalues E le11 LetAd 0 17 Then C (x) = x*
xample et "war H—. en C (x = X"

.. . 0 0
cos 4+ 7 sin d — - L . . . . o
. , c0s§—isind Suppose that 4 1s diagonalizable. Then there is an invertible matrix C
d 0 ; :
! . Since similar matrices have the same char

Thus, by Theorem 4, there is a complex matrix C such that such that C~'4C =

0 4
acteristic polynomial, (x ~d)(x— dy = <2, Tt follows that d, = d, = 0. Thus,

CB,C~'= cos @+ isind 0 E
€ '4C =0, If we multiply this equation by C on the left and € "' on the

0 cos @~ isin @
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Let 4 be an s X n matrix all of whose column sums are 1. Let & be the
M..noEBb n-vector having all entries 1. Note that in the matrix A4 7 all row sums
“are . It follows from this that 4 “u = . Since # 5= 0, 1 is an eigenvalue of A 7
”ﬁEm, C4r(1)= 0. Since C r(x) = C,(x), it follows that C,(1) = 0. Thus, 1 wm.

an eigenvalue of 4. | “

It %m important to note that a real matrix may have no real eigenvalues.
For example, consider the matrix

B —|cosd —sin i
7 . :
sin @ cos 4

We have seen that B, induces a rotation of the plane by 8 degrees. If .
OA 8 < m, it is clear that no vector in R? is carried into a scalar multiple of
itself. Thus, B, has no real eigenvalues. :

In this case, the characteristic polynomial is x* — (2 cos 8)x + 1. Its roots
are cos B+isinf and cos§—isin#. If 0< @<=, sin @0, and neither
root is real, a conclusion that was to be expected from the above. geometric
considerations. '

It is known that any polynomial with complex coefficients hasa complex

<.m:_m. Consequently, any real matrix has some complex. eigenvalue. Some-
times this fact, coupled with other information about a given matrix, can be
used to show that the matrix has a real eigenvalue. o

. There is an important relationship between eigenvectors and linear
independence that is brought forth in the following theorem.

ator on a vector s

TR e

i S ST P R T
ISTTCt Cigenvales of 7 and 1ot x,, y - . -, X, b6 Sipenvee
: Sondin

..., X, are h

_u:oo_u. Suppose ayx; + a,x, + < - - + a,x, =0. Applying T to this equation
and using 7'(x,) = A,x,, we get .

A X Fox,+ s el x, =0

Multiplying the first of the above equations by A, and subtracting from
the second, we obtain ,

ey = Axy + a Ay —A)x + - -+, (A, —A)x, =0
Applying T to this equation,
@Ay = AAx + oA —ADA; + - - (A, —ADA X, =0

‘Multiplying the first of the preceding two equations by A, and subtracting
from the second, we obtain’

as(As = ARy = Adxs + - -+ e (A, = AN, ~Ay)x, =0

root. Thus, any # X n matrix with complex entries has some complex eigen- .

EIGENVALUES AND EIGENVECTORS

By repeating this process, we mén.Em_G obtain
Q:m?: - ?LQ{ - va e Aya - :lmvhz =0

Since Ap, Ay, . o4, A, are distinct, (A, = AR, — A .. (A, — A, )0, and
since it is also true that x, # 0, it follows that a, =0.

Thus, a,x,+ -+ - + a,_;x,_; =0. Using the same procedure on this
equation repeatedly yields :

Q—“QN“..HQ\_'H"O
Thus, we have shown that whenever ayx, + ayX, + -+ +a,x, =0, &
=q,= - a,=0,and s0 x, Xp, ..., X, are linearly independent. H

Recall that two real matrices C and D are said to be similar if there is a
real inyertible matrix B such that B =1CB = D. There is an analogous defini-
tion for similarity of complex matrices. We say that a real matrix is diagona-.
lizable over the reals if it is similar over the reals to some real diagonal matrix.
There is an analogous definition for diagonalizability over the complexes,

A linear operator T on a vector space V is said to be diagonalizable if
there is some basis for ¥ such that the matrix representation of 7, with
respect to some basis for V, is diagonal. Since the matrix representations of T,
with respect to the various bases of ¥, are all similar, T is diagonalizable if
and only if one (and hence all) of its matrix representations are diagonaliz-
able.

Suppose that the linear operator T is represented, with respect to the
basis x,,...,X, by the diagonal matrix D having diagonal entries
d;, . ..,d, Then T(x)= dx. Thus, the basis vectors x,.. ., x, are eigen-
vectors of T. Thus, if 7 is diagonalizable, there is a basis consisting entirely of
eigenvectors of T, Conversely, if there is a basis consisting entirely of
eigenvectors of 7, then the matrix representation of T, with respect to this
basis, is diagonal, and so T is diagonalizable.

In terms of matrices this says: An # X n matrix 4 is diagonalizable over
the reals if and only if R” has a basis consisting of eigenvectors of 4.

An analogous statement holds for the diagonalization of complex
matrices.

We give a condition on the characteristic polynomial that guarantees
that a matrix is diagonalizable.

Theorem 4 "Estusbeanmtn-mattiswith-real-entries:an

b

YETS.

(%A - h&uw@?%vﬁm%ﬁnmaﬁﬁwﬁwénﬂwwﬁ%mam@%mszo e B 381
e AT A g sHalizablesversiereals. .

PROOF Take x,, ..., x, ¢igenvectors of 4 corresponding to the eigenvalues

Ap Ay - ., A, Tespectively. By Theorem 3 above and by virtue of the fact
that A, Ay, . . ., A, are distinct numbers, x,, x,, . . ., X, are linearly indepen-
dent. But by Theorem 2, §4.8, x|, X, . . . , X, also span R”, and thus R" has a

basis of eigenvectors of 4. Consequently, 4 is diagonalizable. B
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Then
det[xI, — A"] = det[ xI, — BAB™'|
= det[ B(xl, — 4)B "]
=det B det[ xJ, — A]det B!
= det[ xI, — A]

Consequently, the characteristic polynomial of T is independent of the basis
used to compute it. _

In a similar wamwu we denote the characteristic ﬁo_%uogmm._ of the matrix 4
by C,. H.rm. previous paragraph implies that similar matrices have the same
characteristic potynomial. .

. From our definition of the characteristic polynomial and from Theorem

_w it follows that ¢ cteristicspolynoi : &
Ligenvaluesrofathed
B bz e

X —dqn —dap —dp .- —ay,
Tay X dp “4p - 2
a3 T3 Xl .. T ds,
— Gy Ty Ty v X @y

It is clear that C,(x) is a polynomial of degree » with leading coefficient

Expandingsthe-aboverdeterniiniant for C, O& w.._m_am, that the coefficient of

dais )

The constant term a, in the above pol ial :
. polynomial may be calculated b
setting x = 0. Then g, = C,(0) = det( — A4), or g, = (—1)" det 4. Y

mxm:._v_mnﬁﬂ\_n ﬁ w W.L commxmﬁmﬁx.ﬂrou

xMLmelﬁ.a+&vk+§-Iwmn.xul?ku«.f&oﬁm

completely-determine

. e Theeigstivatiie
Avmay e toun b g s of

y solving the equation x~ — AmH. A)yx +det

.l N m .
m.onmeEm,_mk iﬁl_ Iw_, trd=0,detd = Ir and C,(x) = x?

\ND EIGENVELTORS

— 1. Since the roots of the equation x2—1=0are x =1, — 1, the eigenvalues
of A are 1 and —1. By solving linear equations, we find that corresponding

eigenvectors are ﬁ J and ﬁ 1 %

-1 -1
o1 1 | e
Example 5 Let A=}1 0 ~1| Find the eigenvalues of 4.  C,(x)=
1 5 3
x —1 -1 .
-1 x 1 ux?nuux+&+Tx+u+saa+éuau|.&m
-1 =5 x-3

+3x — 1 =(x — 1)’. From this, it follows that the only eigenvalue of 4 is 1.
The eigenvectors of A corresponding to the eigenvalue 1 can be found by
determining the nullspace of [, — 4. :

The characteristic polynomials. of certain matrices are quite easy to
compute. For example, the characteristic polynomial of 7, is simply (x — 1"’
More generally, if D is an nXn diagonal matrix with diagonal entries
dy, dy . ..,d, the characteristic polynomial of D is (x - d))(x — dy ...
(x ~d,)

We list a few additional properties of the characteristic polynomial..

VBT o ti(h) = (det ) (—x YC 5.

Theorem 2 “Iet-#=F&ai A X H matiix. Thet, Cr(X)=Cy rﬁw%ﬁwm@ﬁwﬁm

PROOF We prove the first statement. We have C,r(x)=det[x/, — AT)=
det[(xl, — A)T] = det{x], — 4]= Co(x). ‘

Next, suppose that 4 is invertible. Then Cyoi(x) = detx], — 47 ']=
detd Yo — 1)) = (det A)~! detlxA — 1,] = (det 4)™ (= x)" det[% 1, — 4]
= (det 4)" /(= x)"Cy(3)- M. o S

Example 6 A 3 x 3 orthogonal matrix U s said to be a rotation matrix if
det U=1. We will show that 1 is an eigenvalue of a rotation matrix.
Geometrically this means that every rotation of R? fixes a vector, namely the
eigenvector corresponding to the eigenvalue 1. In other words, every rotation
of R? has an axis. .

We wish to show that C,(1)=0. By Theorem 2, Cy(1)= Cyr(1) and
Cy-(D)=1(— 1’C, (1) = — Cy(1). Since UUT =1, UT=U"" Thus, Cy(1)
= — Cy(1). It follows that Cy(l) = 0. :

A similar argument shows that a 3 X3 orthogonal matrix with determi-
nant — 1 has — 1 as an eigenvalue.

Example 7 Recall that a square matrix A4 is stochastic if all its entries are
nonnegative and its column sums are 1. In example 4 of both §5.1 and §5.8,
we saw instances of such matrices. In many applications of such matrices, we
are concerned with those vectors v such that Av=owo, i.e., the eigenvectors
corresponding to the eigenvalue 1. In example 2 above, we found such
eigenvectors. We will show that a stochastic matrix always has 1 as an
eigenvalue. Thus, there always exist nonzero vectors v such that 4v =v.
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vﬁmamﬁow. T fixes the lines through the origin determined by scalar multiples of
he eigenvectors. (See Figure 7-1.)

h.ll
20+ 4j
W||
2T 2t 3i +3j
i+2f
1+ T 11
i+ij
“ | _ “
1 1 2 < 3
FIGURE 7-1

. Earlier in the text, we encountered several examples of eigenvalues and
tigenvectors, although at the time we did not regard them as such. For
nstance, in example 3 of §2.5 we considered a model for population growth
n which the 4-vector p exhibits the population of each age group. Multiplying
p by the matrix T gives the population distribution Tp one year later. At the
ind of that example, we noted that there was a vector p, such that Tp, = p,.
[hus, 7 has eigenvalues 1 and p, is the corresponding eigenvector. In this
,x.mBEo, determining all the eigenvectors corresponding to the eigenvalue 1
vill give the population distributions that are stable from year to year.

example 2 In example 4 of §5.1, we considered a situation in S.Eor three
tompanies controlled the market for a certain product. A matrix 4 was given
hat mu&nmﬁa retention and loss of customers. If the distribution of the
zmwﬂaﬂ is given by the 3-vector v, then the distribution one year later is given
by Av. 7

What are the stable distributions of the market?

Here the problem is to determine those vectors v such that dv = v, i.e,
11l eigenvectors corresponding to the eigenvalue 1. Equivalently, we wish to
letermine those vectors v for which (4 — I;)v = 0. In other words, we must
olve the linear equations

—gx+3y+gz=0

FS

x—3y+3z=0

x+gy—5z=0

PP
=

 zeigenvector=o

§1 EIGENVALUES AND EIGENVECTORS -

for x, y, and z. Solving as usual, we find that x = 10¢, y =9¢, and z = IZc,

with ¢ arbitrary. In this case, it is natural to choose ¢ so thatx+y+z=1,o0r

¢ = . Thus, in a stable market the shares of the companies are 2, 5, and

B respectively. The vector v, with these components is an eigenvector

corresponding to the eigenvalue 1.

SRRt (T XY (R S0t dollows that.x.5.an

ey

sorresponding:to.the.cigenvalue Adf.and.only if x belongs to

i) v R

the-nullspace=of=dd==F: We call the collection of all eigenvectors of T

fer

corresponding to the eigenvalue A the eigenspace of T corresponding to the
eigenvalue A. It follows that the-eigenspace of T corresponding_to the

e T i T,

eigenvalue-M-is-just-the-mullspace-of-d—-F= In particular, it is clear that an
eigenspace is a subspace of the vector space upon which T operates.

‘Example 3 Let 7 be the linear operator on P, defined by T{f)(x) = f(—x).
In other words, T carries the polynomial f(x) into the polynomial f(— x).
Since T(1)=1, 1 is an eigenvalue of 7. Since T{(x)= —x, —1 is an
eigenvalue of 7. We determine the eigenspaces of T corresponding to the
eigenvalues 1 and — 1. .

The eigenspace corresponding to the eigenvalue 1 consists of those
polynomials f that satisfy f(x)=/(—x), ie. the even polynomials. The
polynomials 1, x% x% ... form a basis for this space. The eigenspace corre-
sponding to the eigenvalue —1 consists of those polynomials f that satisfy
f(=x) = — f(x), ie., the odd polynomials. The polynomials x, x*, x°, .
form a basis for this space.

~ In example 2, we saw that determining the eigenvectors corresponding to
a given eigenvalue is simply a question of solving simultaneous linear equa-
tions. Next, we shall develop a method for determining which scalars are
eigenvalues of a given linear operator.

ealzyeototspa etzAzpe a

Theorem 1 sbet=Trbe-azlincar-operate NG
Psuch that 7 (x)=Ax if and

realnumberzTheresis e HoNZ
onlyif AEHREARTT

PROOF Note that the nullspace of T —Al is nonzero if and only if
dei[T—-Al}j=0. 1

An analogous result holds if the word “real” in the above theorem is
replaced throughout by “complex.”

“The polynomial f(x).= detlxL.=.T}.is.called-the.characteristic.polynomial .

«wof.T.and-is.denoted-by-EyIt is calculated by choosing a basis for the vector

space ¥ and determining the matrix representation of the operator T relative
to this basis. If 4 represents T relative to the chosen basis, C(x) = det[x], —
A). i A’ represents T with respect to another basis, in §3.8 we saw that there
is an invertible matrix B such that 4’ = BAB ™.

28t
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8. Let x;, x,, %3, x4 be four distinet points on the real line. If f and g lie in P,, define
(. &) = f(x0) g(x1) + f(x2) 8(x2) + f(x3) 8(x3) + (x4} g(xy). Show that this is an
inner product. If three points had been used instead of four; would it still be an
inner product?

‘9. Let x, x5, ..., x, be a basis for R”. Show that there is an inner product on R"
:  with respect to which x;, x5, . . ., x, is an orthonormal basis.

Tt
e

Regarding the complex numbers as a vector space over the reals, define
(z1 22) = 1(z1% + 22

{a) Show that ( , )is an inner product.

(b) H z; = a, + ayi and 7, = B, + B,i, show that

(2 ) =@ B+ @y By

Show that (z, z) is the square of the absolute value of the complex number z
in the usual sense. :

(¢} Let M, be the linear transformation of C" into itself, defined by M,(z) = az.
Show that (M,z,, M,z,) = ad(z,, 2)- .

(d) With M, defined as in (c} show that M, is an isometry if and only if |a| = 1.

(e) Letting T{z) =z, show that T is an isometry. , s

L1. In the space of n X n matrices with the inner product of example 3 in the text, let
E;; be the # X n matrix with 0 in all entries except (i, /) and 1 in entry (i, j). Show

that the matrices Ey, | < i < nand 1 € j < #, form an orthonormal basis for M,,.

12. In the space of # X n matrices with the inner product of example 3 in the text, let

T be the linear operator defined by T'(B) = AB, where 4 is an n X n orthogenal
matrix. Show that T is an isometry.

13, Let x, x5,..., %, be an orthonormal basis for R” with the standard inner
product. Show that the matrices 4; = xx,” form an orthonormal basis for the
space of n X n matrices with the inner product of example 3 in the text.

i4. In the space P, of polynomials of degree not exceeding n with real coefficients in
& variable x, consider the inner products

(gh= [ (0800 ax

(hgh= 10 g(x) e

where @ < b and ¢ < d. Let T be the function from P, (regarded as an inner
product space with the first inner product) into P, (regarded as an inner product
space with the second inner product), defined by o

(T =578 g 5=8xs 2zte)

-

Show that T is an isometry.

b

Consider the space of n X n matrices with the inner product of example 3 in the

text.

(a) Show that the orthogonal complement of the subspace of diagonal matrices is
the subspaces of matrices all of whose diagonal entries are 0.

{b)} Show that the orthogonal complement of the subspace of symmetric matrices
is the subspace of skew-symmetric matrices. ‘

eigenvalues
and canonica
- forms

1 EIGENVALUES
AND EIGENVECTORS

In many of the applications of the theory of Imear transformations, the

" following problem arises. Givei T lificdoperator” SR aVeCtor s pace 14,

TR

deterHifie those SCATETS N ard " thOSE VECIOrs % i thatsatisty the equation»
FixyeXes THIS (S KAGWH as the eigenvalue problEnt.

If T is a linéar operator on a vector space V and T(x)= Ax for some
nonzero x in ¥ and some scalar y,m?&mam.@.r@@w@awmaﬁw@&mn%s_._...wa@mﬁﬁm%@p@ﬁ
Ve ST P TSP BE AT eI «.mﬁmﬁmw%%mﬁmameﬁ@mﬁw@z&ﬁ.m%@%wﬁﬂm@5&@5@@?@
Ofterreigenvalues=a: %%z_&ﬁ%wﬂ%ﬁmmm@%&:mm%,pngm@mmﬁ%mmmmwmaﬂ@mmmwmma
charsCIEHSHEVEEors™f A is an n X n matrix with real entries, a real number
A for which there is some nonzero real column n-vector x such that Ax = Ax
is said to be an cigenvalue of 4, and x is said to .Go. an eigenvector of A4.
Complex eigenvalues and eigenvectors are defined similarly.

Intuitively, eigenvectors correspond to the fixed directions of the linear
operator 7.

Example 1 Let 7 be the linear operator on R? defined by

(=} e masﬂz:vu_ﬁ iw::u#:aa ﬂ:wj

H Tw I_ : _ g H Nﬁ # M :mo_woﬁ_mz::mmza.mmaaﬂmmsé_:mmomﬂézr
2 1112 20

corresponding eigenvectors % “ % E.a ﬁwu—“ H.omvmnm,a_w.Fﬁimommn,ﬁrmzzmﬁ
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