Some sample Jordan normal form and matrix exponential calculations

m Definitions
s[a_, A_] :=a-2AIdentityMatrix[Length[a]]
LinearSolve, Solve and MatrixExp are built-in Mathematica functions. Here are short specs of their syntax:

? LinearSolve

LinearSolve[m, b] finds an x which solves the matrix equation m.x == b.
LinearSolve[m] generates a LinearSolveFunction[...] which can be applied repeatedly to different . >

? Solve

Solve[egns, vars] attempts to solve an equation or set of equations for the variables vars.
Solvelegns, vars, elims] attempts to solve the equations for vars, eliminating the variables elims. >

? MatrixExp

MatrixExp[m] gives the matrix exponential of m.
MatrixExp[m, v] gives the matrix exponential of m applied to the vector v. >

= 4 x 4 example

Note that in Mathematica matrices are entered as a list of rows (#@$!).
a4a={{-2,1,3, -1}, {3,0, -2, 2}, {(1,1,2,1}, {1, -1, -3, 0}};
Eigensystem[a4a]
{{-1, -1,1, 13}, {{-5,3, -1, 5}, {0, 0,0,0}, {-1,1, -1, 1}, {O, 0, 0, 0}}}
Each eigenvector has only a one dimensional eigenspace. We need to find a preimage under s(A, A) of each basis vector:
LinearSolve([s[a4a, -1], {-5, 3, -1, 5}]
{2, -3,0, 0}
LinearSolve[s[a4a, 1], {-1, 1, -1, 1}]

{Ol _11 OI 0}

Now build the matrix U, following each eigenvector by its preimage. Since we want our vectors to be the columns, not the rows,
of U, we need to transpose the matrix:

U4a=Transpose[{{_51 3/ _11 5}1 {21 ‘31 ol o}l {_11 11 ‘11 l}l {ol _11 ol 0]’]’];

Verify that we get the correct Jordan normal form. (If we didn't make any mistakes, we knew a priori that we would get this.)
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Inverse[u4a] .a4a.u4a // MatrixForm

-11 0 O
0 -10 O
0 o0 11
0 0 0 1

MatrixExp[t %] // MatrixForm

0 0
0 0
et et
0 et

uda.%.Inverse[ud4a] // Factor // MatrixForm

et (2-5t+3e?tt) et t et (-5+5e?t+2e?tt) et (-l+e?t-10t+4e2tt)
~let(-1+et) (1+et) (-1+t) et (-1+t) -jet(-3+3e2t+2e2tt) -let (3-3e?t-6traeltt)
Zet(-1+3et) ¢t et t Tet(-1+5e*t+2e2tt) et (-1+e?t-2t+de’tt)

~tet(-5+3e2)t —ett —tet(-5+5e2t+2e?tt) -Let (-5+e2t-10t+4e2tt

% - MatrixExp[t a4a] // Factor // MatrixForm

o O O o
o O o o
o © o o
o O O o

= Another 4 x 4 example
a4b - {{-96, 325, 962, -1174}, {-1, 6, 10, -12}, {6, -20, -55, 71}, {13, -43, -126, 157}};

Eigensystem[adb]

{{3, 3, 3, 3}, {{-27, -1, 0, 2}, {13, 1, 1, O}, {O, O, O, O}, {O, 0, O, O}}}

The sole eigenvalue of A is 3, with eigenspace span{(-27, -1, 0, 2), (13, 1, 1, 0)}.
s[a4b, 3]
{{-99, 325, 962, -1174}, {-1, 3, 10, -12}, {6, -20, -58, 71}, {13, -43, -126, 154}}
LinearSolve[s[a4b, 3], {-27, -1, 0, 2}]

LinearSolve::nosol : Linear equation encountered that has no solution. >

LinearSolve[{{-99, 325, 962, 1174}, {-1, 3, 10, -12},
(6, -20, -58, 71}, {13, -43, -126, 154}}, {-27, -1, 0, 2}]

LinearSolve[s[a4b, 3], {13, 1, 1, 0}]

LinearSolve::nosol : Linear equation encountered that has no solution. >

LinearSolve[{{-99, 325, 962, -1174},
{-1, 3,10, -12}, {6, -20, -58, 71}, {13, -43, -126, 154}}, {13, 1,1, 0}]
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We need to get hold of a vector in the eigenspace that' s also in the range of s(A, 3), and hence has a preimage:
Solve[s[adb, 3].{wl, w2, w3, wa} = vl {-27, -1, 0, 2} +v2 {13, 1, 1, 0}, {wl, w2, w3, w4, vl, v2}]

Solve::svars : Equations may not give solutions for all "solve" variables. >

(-

Note that the condition v1 = v2 implies that only a one dimensional subspace,
span{(-27,-1,0,2) + (13, 1, 1, 0)} = span{(-14, 0, 1, 2)},
of the eigenspace intersects range(s(A, 3)), i.e. has a preimage under s (A, 3).

3v2 27 wé v2 wé
+13 w3 - ,w2a——+w3——,vlev2}}
2 2

(wl, w2, w3, wa} /. %[1]

3v2 27 wé v2 wé
{— +13 w3 - ,——+w3——,w3,w4}
2 2 2 2

We need to do one more "bounce", to find a preimage of this vector:
Solve[s[a4b, 3].{x1, x2, x3, x4} =%, {x1, x2, x3, x4, w3, wi}]

Solve::svars : Equations may not give solutions for all "solve" variables. >

3 w4 27x4 43y2 w4 x4 13y2 wd  y2
{{xla— +13x3 - + X255 - +xX3- 4 ,w3a———}}
4 2 4 4 2 4 2 2
(%%, {x1, x2, x3, x4}} /. %[1]
27 wd wd  y2 3y2 wd y2
{{- v13 | - ° -—,-yz,—-—,wzl},
2 2 2 2 2
3w 27x4 43y2 wé x4 13y2
{- +13x3 - ¥ , ot X3 , %3, x4}/
4 2 4 4 2 4

We can now choose values for the free parameters y2, w4, x3, and x4; y2 needs to be nonzero, or our original element of the
eigenspace will be the zero vector!

%/. {y2->1, wsé->0, x3-50, x4-50}

(o2l (22,0, )
The corresponding matrix U is :
u4b=Transpose[{{13, 1, 1, 0}, {-27, -1, 0, 2} + {13, 1, 1, 0}, {-s, -1, -%, o}, {44—3, ?, 0, o}}];

Inverse[udb] .a4b.u4b // MatrixForm

o O O Ww
o O w o
w = O o

o W = o
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s[%, 3] // MatrixForm

o O o o

o ©o o o

o O +H o

o B O O

2

IdentityMatrix[4] +t %+ — %.% // MatrixForm
2

1
0
0
0

0
1

0
0

o =t o

l—‘('"N‘rLO

E3t u4b.%.Inverse[udb] // Factor // MatrixForm

—e3t (—1 +99t+7t2)
_e3tt
§e3tt (12 + t)

e3tt (13+t)

e3tt (325+21+t)

e3t (1+3t)
1

—e3tt (43+31t)

% - MatrixExp[t a4b] // MatrixForm

o O O o

o O o o

o O O o

o O O o

—5e3tt (40 + 3 t)

2e3tt (481 +35¢)

10e3tt

—e’t (-1+58t+5t?)

-2e3tt (63+5t)

-2e3tt (587 +42t)
-12e3tt
e3tt (71+61t)

et (1+154t+12¢?%)



