Jordan normal form notes
(version date: 11/21/07)

If A has an eigenbasis {uy,...,u,}, i.e. a basis made up of eigenvectors, so that Au; = \;ju;,
then A is diagonal with respect to that basis. Specifically, let U = (u ---u,). Then

U'AU = U ' (Au; --- Au,)
= U ' -+ Apuy)
= diag (A1,..., \n).
What if A doesn’t have an eigenbasis?

Important example: Let e; denote the j-th Euclidean basis vector, with 1 in the j-th postion
and 0 elsewhere. For example,

1 0 0
0 1 0
e = 0 , = 0 , and e, = :
: 0
0 0 1
Define
01 0 O 0
001 0 -0
Nn::(Oel "‘en—l): ..
000 0 ---1
000 0 ---0
The characteristic polynomial of N, is xn, (A) = A"; hence zero is the only eigenvalue of N,,.
x2
Z1
Ny : =110 + x0€1 + - Tp€H_1 =
x Tn
" 0

implies that ker N,, = span {e;}.
For any n x n matrix B = (b ---by,),

BNn:(BOBel Ben—l):<Obl bn—l);

the columns of B are shifted right, with a zero column being introduced on the left. In particular,

N2 = (00e --- e, 2)
NS = (00061"'en_3)
NI = 0.

n



Hence ker N7 = span{ei,...,e;}. If we let S, ; denote the n x n matrix with 1 on the k
super-diagonal and 0 elsewhere, i.e. with ij-th entry equal to 1 if j = i + k, 0 otherwise, then
Nk =8, .

The exponential of N, can be computed using the power series for exp, since S, ; = O if

J > n implies that
> 1
exp(t Ny,) Z —
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We can use this example as a guide in handling arbitrary repeated eigenvalues with “insuf-
ficient eigenspace”, i.e. eigenvalues A\ whose algebraic multiplicity (the power to which (x — \)
appears in the characteristic polynomial is greater than the geometric multiplicity (the dimension
of the eigenspace). Define s : R"*" x R — R"*" by

s(A,N) = A— AL
If A is an eigenvalue of A, then the eigenspace of \ is the kernel of s(A, A):
kers(A,\) ={x e R" : s(A,\)z =0} ={z e R": Az = Az}.
If A is an eigenvalue of A with (algebraic) multiplicity ¢, then the generalized eigenspace of A is

the kernel of s(A, \)".

2 1 0
Example: A= 0 2 0

0 0 3
The characteristic polynomial of A is ya(\) = (A — 2)%(A — 3). s(4,2) = (0 e; e3), with
ker s(A, \) = span {e1}. s(4,2)? = (0 0 e3), with ker s(A, \)? = span {ej,es}. O

Consider the case in which A has algebraic multiplicity &, but geometric multiplicity 1 (the
eigenspace of A is one dimensional). Let u; be an eigenvector of A with eigenvalue A. If there
are Uuo, ..., U such that

s(A, Nujp1 = uj (equivalently Aujy1 =uj+ Aujqq) j=1,...,k—1,
then

A(upug -+~ ug) = (Au; Aug -+ Auy)
= Augu+Auy -+ up_q+Auyg)
= Muww - up)+(0us - weq)
= (upuy -+ up)( AL+ Ng).

(Here I is the k x k identity matrix.)



-1 1 1
Example: A= -2 2 1

-1 1 1
The characteristic polynomial of A is xy4(A) = A(A — 1)2, so 0 is an eigenvalue with multi-
plicity one and 1 is an eigenvalue with algebraic multiplicity 2. Summing all three columns of

-2 1 1 1
s(A,1)=1 =2 1 1 | gives0,s0u; = | 1 | is an eigenvector of A with eigenvalue 1. One
-1 1 0 1

can verify that the eigenspace of 1 is one dimensional, so we need to determine the generalized
eigenspace. The second column of s(A, \) equals uy, so s(A,\)es = uy; hence we can take
uy = ey. The generalized eigenspace equals span {u;,uz}. Summing the first two columns of A
1
gives 0, soug = | 1 | is an eigenvector of A with eigenvalue 0.
0
Note: This basis is a permutation of the one I used in lecture—here I’ve put the double eigenvalue
first and the single one last. The intermediate matrices are different, but the final answer is, as
it has to be, the same. The choice of basis, and hence of U, is not unique!
If we set

1 01 1 10
U=(uuwu)=|(111], then UtAu=[01 0
1 00 000

U~! AU is almost diagonal, and almost as easy to exponentiate as a diagonal matrix. One way
of computing exp(t A) is the following:

010
U'AU=C+D, where C=/{0 0 0 and D =diag(1,1,0).
0 00
CD = DC and C? = O imply that
el tel 0
exp(tU 1 AU) = exp(t (C+D)) = exp(t C) exp(t D) = (I+t C) diag (e’,e', 1) = [ 0 €' 0
0 0 1
Hence
1—tet tet el —1
exp(tA) =Uexp(fU TADYU P = 1 -1 +t)et (1+t)el et —1
—tet tet et
O



A block diagonal matriz B consists of a collection of smaller square matrices straddling the
diagonal, with zeroes elsewhere:

B, O --- O
QO By --- O
B = block (By,...,By) = . . . )

where Bj is a d; x d; matrix, j = 1,...,k. block (B,..., Bn)j = block (B{, el B%); hence
exp(tblock (By,...,By)) = block (exp(t By), . ..,exp(t By)) .

Exponentiating several little matrices is generally easier than exponentiating one big one; for
example, exp(tdiag(A1,...,\,)) = diag (e*?,... eM?) is a very easy calculation. Hence the
following construction, called the Jordan normal form is very convenient. It guarantees that
every matrix can be block diagonalized by a change of basis, with the blocks being matrices
whose exponentials are explicitly known.

A Jordan block is a complex k x k matrix of the form

A1 @)

B:)\]I_'_Nk: '., '-. ,
A1
O A

ie. bjj=XNj=1,...,k,bjj;1=1,j=1,...,k—1, and all other entries are 0. A Jordan block
is easily exponentiated: Since Al commutes with everything,

k—1 tj
exp(t (A + Ng)) = exp(t AT) exp(t Ny,) = X » ﬁs,w, (2)
j=0 "

(Recall that S ; has if-th entry equal to 1 if £ =i + j, 0 otherwise; see (1).)

Jordan normal form theorem: If A is an n X n complex matrix with eigenvalues Aq,... Ay
(possibly repeated), then there is an invertible matrix U such that U~! AU = block (By, ..., B;)
for some Jordan blocks By,...,B,. The blocks are uniquely determined, but the ordering
depends on the choice of U.

Using the Jordan normal form, we can solve any linear homogeneous initial value problem
& = Az, x(0) = xg, as follows: We know that the solution has the form z(t) = exp(t A)xo, so
it suffices to compute exp(t A). Let U be a matrix that takes A to Jordan normal form, with
blocks By, ... By. (The columns of U are (generalized) eigenvectors of A.) Then
exp(tA) = Uexp(tU tAU)U !
= Uexp(tblock(By,...,B.))U !
— Ublock (exp(t By),...,exp(t B,)) UL
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The exponential of each of the Jordan blocks is given by (2).
Note: If we set y(t) = U~ z(t), then

y(t) = ULexp(tA)z
= U~ (Ublock (exp(t By), .. .,exp(t B.)) U™') xo
= block (exp(t Bi), . ..,exp(t B;)) y(0),

so y(t) satisfies § = block (By,...,B;) y.



