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Problem 5 – Constant Returns to Savings  
Consider the problem, max��,��,��,��,…�� ��1 � 	
 �����    ∞

�	
                    
. �.    ���� � ���� � ���    � � � 0,   & �
 �
 �����.  ��     
. �.  lim�
∞
��� �� � 0  

 
A) Show that the constraint #$%�
� &�� '� � ( is equivalent to imposing a constraint that the 
present discounted value of lifetime consumption is less than or equal to initial wealth.  
Assuming people are dead at ��)� � *,  and therefore cannot appreciate consumption then, the present 
discounted value of lifetime consumption is equivalent to,  �
�
 + ���� + ���� + ���� +, �������� 
 
Thus the constraint,         - �
�
 + ���� + ���� + ���� +, ��������. / �
     ,     01�2�   �� � �� � �����  3 4-�
 � ��� .1 + -�� � ��� .�� + -�� � ��� .�� + -�� � ��� .�� +,-���� � ��� .���� 5 / �
 

3 678�
 � ��� 9 + 8��� � ����9 + 8���� � ����9 + 8���� � ����9 +,-���� � ��� .���� :; / �
 
You have hopefully detected a subtle pattern of alternating minus and plus signs before identical terms,  
simplifying, 3   �
 � ���� / �
 3   � ���� / 0 3   ���� �  0                        �<� 
=2� 01�2� �1� "lim�
∞
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B) Give an example of a (non-feasible) time path of consumption and capital which violates 
the last constraint.  
 A consumption time path in which consumption increases continuously forever would violate this 
constraint.  
 
C) Convert this problem into a Bellman’s equation, substituting in the law of motion for 
capital. (You can ignore the last constraint as you write Bellman’s equation). 
The Bellman Equation for this problem, substituting in the law for motion for capital.            A��� � max�,�′ 8 11 � 	9 ���� +  � AB�′C               
. �.  �′ � ��� � � � 3     A��� � max�,�′ 8 11 � 	9 ���� +  � AB��� � � �C 
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D Part I) Guess and verify a solution of the form D�'� � E'���  for some constant A. If 
possible, calculate A. 
 A���� � F����� � max�,�′ 8 11 � 	9 ���� +  � F�′���     ��<�� �1� ��G<�� �1� � ��2)� 
 �′ � ��� � ��     3    � � � � ���   
 3  F����� � max�′ 8 11 � 	9�� � ���
��� +  � F�′��� 
 
Now, solving a maximization problem like this is simple,   8 HH��9 I8 11 � 	9�� � ���
��� +  � F�′���J � 0 

 3 8 11 � 	9�� � ���
����� �1 � 	� 8� 1�9 + �1 � 	��F������� � 0 3 8� 1�9�� � ���
�� + �1 � 	��F���� � 0 3  �1 � 	��F���� � 1� �� � ���
�� 
I don’t see any way to solve for A without it being in terms of both � & ��.   F � 1� 8� � ���9���1 � 	������ � 1�1 � 	��� 8��� � 1�9�� 
 
D Part II) State the policy functions in the forms K� � L'�   &   '��� � M'� ,  and calculate B and C, if possible. (note that with my notation, '� � '  &  '��� � '�) 
 
Back to,  �1 � 	��F���� � 1� �� � ���
�� 
 
Using MATLAB,  
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MATLAB isn’t helpful here – and at least it’s ��equals something in terms of � - but it is very messy. 
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 � works out to be even bigger. I am thus either doing something wrong, of this is a very messy problem. 
I’m inclined to think the later.  
 
Now let’s try to solve this via Euler’s Method.  
 A����� � 11 � 	 ����� + �A��������� + S������ � ��� � ����� 
 
First Order Conditions �1�  HTH�� :             ���� � �S� � 0 �2�  HTH���� :        �A���� ������ � S� � 0 �3�  HTHS� :            ���� � ��� � ���� � 0 
 
Envelope Condition �4�  A������ � �S�               � HTH�� 
 
So – the problem asks for a solution in the form of �� � Y��   &  ���� � Z�� ,  but I don’t see how that is possible – there is no way to eliminate ��  from the ���� � �… � equation – at least that I can see anyway.  
Going forward I’m going to assume that the question asks to find the steady state and eigenvalues and 
vectors for this problem.  
 
 �4�  3 A���� ������ � �S��� �4�& �2� 3 S�� � �S���          3                   S� � ��S���  Z<)G����� 0��1 �1�        S� � �����  

   3        K���& � [K�����  �3�         &�'� � K�� � '��� 
 
 
Rearranging a bit,            ����� � �������          3   ���� � ����������          3    �� � ����������� 
 
We get the following system of difference equations. ���� � ������ ��  ���� � ���� � ��� 
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Steady State – a steady state is a value � such that �� � ���� � �(  �� 0 � ������ �(              ;       �( � 0 0 � ���( � �(�          ;        �( � �( 
There will be one steady state at (0,0). This is typically the case with economic models (you know, with 
not capital and not consumption, you’ll stay that way forever) and is uninteresting.  
 
There is another set of steady states at the line � � � 
 
Rewriting our two conditions that describe the optimal allocation.  -��������. � ������� 0�� �
 -����. 
 
Finding EigenVectors & EigenValues 
This is a simple 2]2 matrix. ^���� F � -� G�  . *2���:  * � � +   _���2)�����: _ � � � �G 

`����A�a=�
: T� � *2 + �*�4 � _
��T� � *2 � �*�4 � _
�� 
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Our First Eigenvalue 

T� � *2 + �*�4 � _
�� � 8������ + �92 + bccd8������ + �9�4 � 8�������9effg
��
 

According to Wolphramalpha: bit.ly/bKdOOZ h� � &    ,   �

=)��� �1�� �, � & 	 i 0, 01��1 0� ��� �

=)�  & 0� �

=)� ������ / �,01��1 0� ��� �

=)� 0��1 �<2)�a 2����
 j<2 �, � & 	 
 
Showing that ������ / � 3 this implies that � � 1 & k 1,  and 0 l � / 1,  and 0 l 	 / 1 
Showing that this is a reasonable assumption considering this problem, here is a spreadsheet that goes 
over a number of examples to show how this condition likely holds. bit.ly/adsdWE � is rate of return. � is our discounting. 	 is the “��” share of utility/production (see Cobb-Douglas 
production function) 
 
Our Second Eigenvalue 

T� � *2 � �*�4 � _
�� � 8������ + �92 � bccd8������ + �9�4 � 8�������9effg
��
 

According to Wolphframalpha; bit.ly/dsYp5S h) � �[&���, �j  �, 	, � i 0    &   i �  
 
The eigenvalues are � and ������ 
 
 
Eigenvectors:  ������� 0�� �
 3 -� G�  . 
 
With the G cell zero this becomes easy;  
For the Eigenvalue T� � � 8T� � N NN�N 9 �   -� � ��� . �  - 0��. m -n(.  
 
For the Eigenvalue T� � ������  8T� � N NN�N 9 �   ������� � � �� 
 
Once again, we assume that ������ / �  3 the top term is a small negative number,  �  -opqrr stuvwvxy # n . 
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Dynamics 
We know that � � 1     – it’s the rate of return.   ������ however could be <1 or >1, giving different dynamics.  
 
If Y� � 1, you might see dynamics like the following, 
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A) 

 

 3{
 + @� + �� � 0 |   ��  0��1  {� � {
 + @� + ��  3{� � 0 
 
This says that a person cannot borrow – debt can never be positive (imagine what strange/complex 
dynamics might ensure if that were possible, even in a simple utility max model like this). It is the 
equivalent to saying that the sum of one’s consumption must be less than or equal to the sum of their 
income and initial wealth. 
 
B)  {: 
���� ��2��Ga� 2 �
 � �<�
����� @ �
 � �<�
���� ��j �1�2� 0�2� 
1<��
 � ��<�205G � �� �<=a  �=2� ���< � 
���� ��2��Ga��  
 A�{�� � max*� ,,���

 � 1	 ��- + � A�{����          
. �.  {��� � ��{� � ��� + @ 
 
We guess –F��./� 
 – F��./ � max�,0′

 � 1	 ���-� � F���./′    {′ � ��{ � �� + @ � � { + @ �{′�  
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Plugging in � 3 –F��./ � max0′
 � 1	 ��1/�2�/′� 3 � F���./′    

 
 
D) (D part I) 
Solving the Maximization problem  8 HH{�9 � – F��./� �  8 HH{�9 I � 1	 ��1/�2��/′� 3 � F���./′  J � 0 3�81�9���1/�2��/′� 3 + �F���./′ � 0 3  ���1/�2��/′� 3 � ��F���./′ 
 
Now linearize this 	 �{ + @� �{′� 
 � ln��F��� � �{� 
 
Keep in mind that { is a constant here, along with @, �, �, & F. 
Solving for {� (our first policy function) 
 {� �{� � 8 �		 + �� 9{ +{
�      , 01�2� {
� � 8 �	 + �� 9 ln��F��� 
 
Now solving for � (our second policy function) � � { + @ �{′�   , 0��1  {� 
<a��  j<2 �G<��     � { + @ � - �		 + �� { +{
�.� � { + @� � - �		 + �� { +{
�.�      � ���	 + �����	 + ���
{ � �	��	 + ���{ + �@� �{
�� �     � � �����	 + ���
{ + Z
  ,   01�2�  Z
 � �@� �{
�� �     � 8 ��	 + ��9{ + Z
  ,   01�2�  Z
 � �@� �{
�� � 
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D) (D part II) 
Was the guess correct?  - To find out we need to plug in our guess.  
If it is correct, �F��4/ � �=2 �<a��@ �=����<� �a=���  ���< �=2 �G������� �=����<�. 
 

������ � � 1
� ����� � ����	�′

 

������ � � 1
� ��
� ���
����
��  � � ����	
� ���
�� ��
����

 

 
Note that  � � 	 8 ��	 + ��9 3 �	 + ���� � 	�� 3 	 + �� � 	� 3 � � �� � ��  3 � � �8& � n& 9 
 
Setting up to solve for F F � � 1	 ���5� + F���4/�    
Solving for A with our known value for Z would be a pain – but definitely doable.   
 
Part e 
Show that the Optimal Policy is  �� � � � 1� {� + �<�
���� 
 
Remember that  � � 8 ��	 + ��9{ + Z
 
 
With � � 	 -���� . 3 �� � 	�� � 1� 
 � � � 	�� � 1�	 + 	�� � 1�
{ + Z
     � � �� � 1�1 + �� � 1�
{ + Z
     � 8� � 1� 9{ + Z
  , 
1<0�! 
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This is the Robinson Crusoe problem with shocks to productivity.  
State variables ��  & F� 
 
The Bellman Equation.  A��, F� � max�,�′  ln��� + 12� �AB�′, F^C + A 8�′, F̂9�               
. �.   �′ � F�� � � 
 
Now guess that A��, F� takes the form Z ln�F� + _ ln��� + ` 
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This implies, A��, F�   �   Z ln�F� + _ ln��� + `   �   max�′  lnBF�� � �′C + 12� ��Z ln�F^� + _ ln��N� + `� + �Z ln 8F̂9 + _ ln��N� + `�� 
 3 Z ln�F� + _ ln��� + ` �   max�′  lnBF�� � �′C+ �2 ��Z ln�F� + Z ln�^� + _ ln��N� + `� + �Z ln�F� � Z ln�^� + _ ln��N� + `�� � ` 
 3 Z ln�F� + _ ln��� + ` �   max�′  lnBF�� � �′C + ��Z ln�F� + _ ln��N� + `� 
 
First Order Condition � 1�F�� � �′� + �_�� � 0 3 �� � �_F�� � �_�� 3 ���1 + �_� � �_F�� 3 '� � [�En + [�'� 
 
With our constraint �′ � F�� � � 3 � � F�� � �′ 3 � � F�� � �_F1 + �_ �� 3     � 81 + �_1 + �_9F�� � �_F1 + �_ �� 3     � E'�n + [� 
 
We know that, Z ln�F� + _ ln��� + ` �   max�′  lnBF�� � �′C + ��Z ln�F� + _ ln��N� + `� 
So let’s plus in � �  6����7  &  �� � �7 ���7 ��  Z ln�F� + _ ln��� + ` �   ln 8 F��1 + �_9 + � �Z ln�F� + _ ln 8 �_F1 + �_ ��9 + `� 3 Z ln�F� + _ ln��� + ` �  	 ln � + lnF � ln�1 + �_� + �Za� F + 	�_ ln � + �_a� ��_F� � �_a� �1 + �_� 
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And I think that works out to the following: 3 Z � 1�1 � ���1 � 	��    ,    _ � 	1 � 	�    ,       ` � T�T 
 
 
 
 
 
 
 
 
 


