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(5) $x(donkey(x) Ùowns(John, x))      feeds(John, x)
�

(6) $x(donkey(x) Ùowns(John, x)) Ù feeds(John, x)
�
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(7) $x(donkey(x) Ùowns(John, x) Ù feeds(John, x))
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(10) $x(donkey(x) Ùowns(John, x)) ®
feeds(John, x)

(11) " y($x(farmer(y) Ùdonkey(x) Ùowns(y, x)))

® feeds(John, x))
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(12) " x(donkey(x) Ùowns(John, x) ®
feeds(John, x))

(13) " y" x(farmer(y) Ùdonkey(x) Ùowns(y, x) 
® feeds(John, x))
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(7) $x(donkey(x) Ùowns(John, x) Ù feeds(John, x))
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(6) $x(donkey(x) Ùowns(John, x)) Ù feeds(John, x)
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$x(f ) Ù y Û DS $x(f Ù y )
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$x(donkey(x) Ùowns(John, x)) Ù feeds(John, x)

Û DS

$x(donkey(x) Ùowns(John, x) Ù feeds(John, x))
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$x(f ) Ù y Ù x Ù c
Û DS $x(f Ù y ) Ù x Ù c

Û DS $x(f Ù y Ù x ) Ù c
Û DS $x(f Ù y Ù x Ù c)
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$x(f ) ® y Û DS " x(f ® y )
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$x(donkey(x) Ùowns(John, x)) ® feeds(John, x)
Û DS

" x(donkey(x) Ùowns(John, x) ® feeds(John, x))
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" y($x(farmer(y) Ùdonkey(x) Ùowns(y, x)) 
® feeds(y, x))

Û DS

" y" x(farmer(y) Ùdonkey(x) Ùowns(y, x) 
® feeds(y, x))
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$x(f ) Ù y Û DS $x(f Ù y )

$x(f ) ® y Û DS " x(f ® y )
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$x(f ) Ù y Û $ x(f Ù y )
$x(f ) ® y Û " x(f ® y )
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$x(f ) Ù y Û $ x(f Ù y )
$x(f ) ® y Û " x(f ® y )
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The definition of the DPL interpretation 
function � f � DPL

M relative to a standard 
first-order model M=<DM, IM>, where:

D is the domain of entities
I is the interpretation function which 
assigns to each n-place relation R a subset 
of Dn:
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1. For any pair of M-variable assignments <g, h>:

a. Atomic formulas ('lexical' relations and 
identity):

� R(x1, …, xn)� <g, h> = T 
iff g=h and <g(x1), …, g(xn)>Î I (R)

� x1=x2� <g, h> = T iff g=h and g(x1)=g(x2)

04
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b. Connectives:

Dynamic Conjunction

� f Ù y � <g, h> = T iff  

there is a k s.t.� f � <g, k> = T and � y � <k, h> = T

08
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Dynamic Negation

� ~f � <g, h> = T iff 
g=h and there is no k s.t. � f � <g, k> = T

i.e. � ~f � <g, h> = T iff g=h and gÏ Dom(� f � ), 

where:
Dom(� f � ) := {g: there is an h s.t. � f � <g, h> = T}

0:
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c. Existential Quantifier:

� $x(f )� <g, h> = T iff
there is a k s.t. g[x]k and � f � <k, h> = T

where g[x]k means that k differs from g at most with 
respect to the value it assigns to x, 

i.e. for any variable � , if � ¹ x then g(� )=k(� ).

1>

�,7#�������
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d. Truth:

A formula f is true with respect to an input 
assignment g iff 

there is an output assignment h s.t. � f � <g, h> = T

i.e. f is true with respect to g iff   gÎ Dom(� f � ).

NB: Dynamic meanings are more fine-grainedthan 
truth-conditions.
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Dynamic Conjunction:

- not commutative:
� ~Fx Ù $x(Fx)� ¹ � $x(Fx) Ù~Fx�

Exercise:Prove this.

1�
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Dynamic Conjunction:

- not idempotent:

� ~Fx Ù $x(Fx)� ¹ � ~Fx Ù $x(Fx) Ù~Fx Ù $x(Fx)�

Exercise:Prove this.
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$x(f ) Ù y Û $ x(f Ù y )
$x(f ) ® y Û " x(f ® y )
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2.a. Abbreviations – connectives:

Anaphoric closure: !f := ~~f

i.e. � !f � ={<g, h>: g=h and gÎ Dom(� f � )} 

Exercise: Prove this.
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2.a. Abbreviations – connectives:

Disjunction: f Ú y := ~(~f Ù ~y )

i.e.� f Ú y � ={<g, h>: g=h and 
gÎ Dom(� f � )ÈDom(� y � )}

Exercise:Prove this.

13
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Implication: f ® y := ~(f Ù ~y )

i.e. � f ® y � ={<g, h>: g=h and 
for any k s.t.� f � <g, k> = T, 

there is an l s.t.� y � <k, l> = T}

Exercise:Prove this.
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Implication as inclusion:

� f ® y � ={<g, h>: g=h and (f )g Í Dom(� y � )} 

where

(f )g := {h: � f � <g, h> = T}

Exercise:Prove this.

18
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b. Abbreviation – universal quantifier:

" x(f ) := ~$x(~f )

i.e. � " x(f )� ={<g, h>: g=h and 
for any k s.t. g[x]k, 

there is an l s.t.� f � <k, l> = T}

Exercise:Prove this.

1:
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Exercise: 

Show that � " x(f )� = � [x] ® f � , where:

� [x]� = {<g, h>: for any variable � , 
if � ¹ x then g(� )=h(� )}

3>
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$"$f %�Ù y Û $ "$f Ù y %
$"$f %�® y Û " "$f ® y %
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Let’s return to the general equivalences we wanted 
to prove.

Equivalence:
Two formulas are DPL-equivalent, symbolized as 

'Û DPL', iff they denote the same set of pairs of 
variable assignments,

i.e. iff they denote the same binary relation over 
assignments.

3�
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That is:
f Û DPL y iff     � f � DPL = � y � DPL

More explicitly:
f Û y iff     for any pair of assignments <g, h>:

� f � <g, h> = � y � <g, h> 

i.e. both � f � <g, h> and � y � <g, h> are T 
or both are F

3 
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Since DPL denotations determine truth-conditions, 
two DPL-equivalent formulas will have the same 
truth-conditions.

Recall that:
f is truewith respect to g iff     gÎ Dom(� f � ).

Thus: 
Suppose f Û y . Then � f � = � y � . 
Then Dom(� f � ) = Dom(� y � ).
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�,7#� $" $f %�Ù y Û $ " $f Ù y %�

$x(f ) Ù y Û DPL $x(f Ù y )

l.h.s. denotes:

{<g, h> : there is an l s.t.� $x(f )� <g, k> = T and 
� y � <l, h> = T}

{<g, h> : there is a k and an l s.t. g[x]k and
� f � <k, l> = T and � y � <l, h> = T}

31

�,7#� $" $f %�Ù y Û $ " $f Ù y %�

g k l h

[x] � f � � y �

33

�,7#� $" $f %�Ù y Û $ " $f Ù y %�

r.h.s. denotes:

{<g, h> : there is a k s.t. g[x]k and � f Ù y � <k, h> = 
T}

{<g, h> : there is a k and an l s.t. g[x]k and � f � <k,
l> = T and � y � <l, h> = T}

l.h.s. = r.h.s.

34
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g k l h

[x] � f � � y �
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Now let’s ensure that DPL gives the intuitively 
correct truth-conditions to ‘$x(f Ù y )’.

We will instantiate the schema with our favorite 
example:

(7) $x(donkey(x) Ùowns(John, x) Ù feeds(John, x))

3:

�,7#� $" $f %�Ù y Û $ " $f Ù y %�

(7): {<g, h> : there is a k and an l s.t. g[x]k
and � donkey(x) Ùowns(John, x)� <k, l> = T 
and � feeds(John, x)� <l, h> = T}

{<g, h> : there are k, l andms.t. g[x]k
and � donkey(x)� <k, m> 
and � owns(John, x)� <m, l> = T 
and � feeds(John, x)� <l, h> = T}

4>

�,7#� $" $f %�Ù y Û $ " $f Ù y %�

(7) $x(donkey(x) Ùowns(John, x) Ù feeds(John, x))

Now we apply the definition of truth (1d).

(7) is true with respect to an input assignment g iff 
there is an output assignment h and intermediate 
assignments k, l andms.t.

g[x]k and � donkey(x)� <k, m> 
and � owns(John, x)� <m, l> = T 
and � feeds(John, x)� <l, h> = T

4�
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iff there is an h s.t. 

g[x]h and h(x) Î I(donkey) 
and <John, h(x)> Î I(owns) 

and <John, h(x)> Î I(feeds)

iff there is an individual a s.t. 

aÎ I(donkey) and <John, a>Î I(owns) 

and <John, a>Î I(feeds)

4�
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And now for the second equivalence:
$x(f ) ® y Û " x(f ® y )

l.h.s. denotes:
{<g, h>: g=h and for any k s.t. � $x(f )� <g, k> = T, 

there is an l s.t.� y � <k, l> = T}

{<g, h>: g=h and for any k, ms.t. 
g[x]m and� f � <m, k> = T, 

there is an l s.t.� y � <k, l> = T}



4 

�,7#� $" $f %�® y Û " "$f ® y %�

m1 k1 l1

g m2 k2 l2

m3 k3 l3

[x] � f � � y �
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�,7#� $" $f %�® y Û " "$f ® y %�

r.h.s denotes:
{<g, h>: g=h and for any ms.t. g[x]m,

there is an n s.t.� f ® y � <m, n> = T}

{<g, h>: g=h and for any k, ms.t. 
g[x]m and� f � <m, k> = T, 

there is an l s.t.� y � <k, l> = T}

l.h.s. = r.h.s.
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m1 k1 l1

g m2 k2 l2

m3 k3 l3

[x] � f � � y �
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To represent Discourse Representation Structures 
(DRS's), i.e. 'boxes', in DPL, we first need to 
define:

- the semanticnotion of test

- the syntacticnotion of condition.

48
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Tests: A wff f is a test iff � f � Í {<g, g>: gÎ G}, 
where G is the set of all M-variable assignments, 

Conditions: The set of conditionsis the smallest set 
of wff's:

- containing atomic formulas and negative 
formulas (i.e. negation '~' is the main 
connective) 

- and closed under dynamic conjunction.

4:
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Negative formulasinclude:

- ~f

- anaphoric closure, since !f := ~~f
- disjunctions, since f Ú y := ~(~f Ù ~y )

- implications, since f ® y := ~(f Ù ~y )
- universal quantifications, since " x(f ) := ~$x(~f ) 

8>
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The relation between tests (semantic notion) and 
conditions (syntactic notion):

Among non-contradictory formulas,

f is a condition iff f is a test.

where: f is contradictoryiff � f � = Ø

8�
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Tests/ Conditions are externally static – they do not 
pass on bindings to conjuncts yet to come:

(14)Every donkey is in the corral. #It is happy.

(15) It is not true that John owns a donkey.
#He feeds it at night.
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Conjunctions and existential quantifiers are 
externally dynamic – they pass on bindings to 
conjuncts yet to come:

(16)A farmer owns a donkey. He feeds it at night.

8 
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But test / conditions can be internally dynamic, i.e. 
they can pass bindings between sub-formulas:

(17)Every farmer who owns a donkey feeds it at 
night.
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We indicate that a formula is a condition by placing 
square brackets around it, 

e.g. [f ] is a wff iff f is a condition and � [f ]� = � f �

That is, square brackets are just a graphical way of 
showing that a formula is a condition.
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Abbreviation: [f 1, …, f m] := [f 1] Ù … Ù [f m]

Exercise: Prove that conjunction is 
commutative over conditions, 

i.e. � [f 1] Ù [f 2]� = � [f 2] Ù [f 1]� .
Exercise: Prove that conjunction is 

idempotent over conditions, 
i.e. � [f ]� = � [f ] Ù [f ]� .
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Abbreviation: [x1, …, xn] := [x1] Ù… Ù[xn],

where:
� [x]� = {<g, h>: for any variable � , if � ¹ x then 

g(� )=h(� )}
[x] is called a random assignmentof value to x.

Exercise:Prove that conjunction is commutative and 
idempotent over random assignments, i.e.:

� [x1] Ù [x2]� = � [x2] Ù [x1]� and  � [x]� = � [x] Ù [x]� .
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DRS's, a.k.a. boxes:
[x1, …, xn | f 1, …, f m] := [x1, …, xn] Ù [f 1, …, f m]

� [x1, …, xn | f 1, …, f m]� := 
{<g, h>: g[x1, …, xn]h and 

� f 1� <h, h> = T and …� f m � <h, h> = T}

Exercise:Prove that 
[x1, …, xn | f 1, …, f m] Û $ x1…$xn([f 1, …, f m])
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The existential and universal quantifiers are partly 
duals:

~$x(f ) Û " x(~f )  

(Exercise: Prove this.)

Clearly, $x(~f ) Û ~" x(f ) doesn't hold: 
~" x(f ) is a test, while $x(~f ) isn't.


