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Midterm 2 Review Problems 
 

1. Determine whether the following sets are linearly independent or linearly dependent.  If linearly 

dependent, write a non trivial relation involving the vectors in the set. 
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2. Determine the rank and nullity of each of the following matrices. 

a. 
















1284

752

421

 

b. 
















− 25 2 2

72 0 1

61 1 0

 

c. 























−

−

101

013

047

221

152

 

 

3. Determine a basis for (i) the image, and (ii) the kernel of each of the matrices in the previous problem. 

 

4. Let V be the set of vectors in 3R  which are perpendicular to 
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a. Show directly that V is a subspace of 3R . 

b. Determine a basis for V.  (Hint: observe that )111ker(=V , and proceed as in problem (3).) 



5. Let nyx R∈
vv

, .  Answer the following two questions 

 

I.   Does there exist an invertible linear transformation nnT RR →:  such that yxT
vv

=)( , 

II.  Does there exist a non-invertible linear transformation nnT RR →:  such that yxT
vv

=)( , 

 

in the following four cases: 

 

a. 0
vv

≠x  and 0
vv

≠y  

b. 0
vv

≠x  and 0
vv

=y  

c. 0
vv

=x  and 0
vv

≠y  

d. 0
vv

=x  and 0
vv

=y  

 

(i.e. eight questions altogether).  If an answer is yes, give an example establishing the existence of 

such a linear map.  If no, explain why no linear map with the given property can exist.  

 

6. Let nmT RR →:  be a linear transformation.  Prove that T is injective if and only if { }0v=)ker(T . 

 

7. Let nmT RR →:  be a linear transformation.  Prove that  

a. )(im T  is a subspace of nR  

b. )ker(T  is a subspace of mR  

 

8. Let 
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a. Show that B is a basis for 3R . 

b. Determine [ ]
B

x
v

, the coordinate vector of x
r
 with respect to B. 

 

9. Let xAxT
vv

=)( , where 
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73

14
A .  Determine the matrix B of T with respect to the basis 
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 B  of 2R .  Verify that [ ] [ ]

BB
)(xTxB
vv

=  for all 2
R∈x

v
. 

 

10. Let { }  , , ,v 21 mvv
v

K
vv

=B  be a basis for a subspace V of nR .  Show that [ ] [ ] [ ]
BBB

yxyx
vvvv

+=+  for all 

nyx R∈
vv

, . 

 

11.  Let A and B be two square matrices, and suppose that A is similar to B.  Prove the following. 

a. If  t is a non-negative integer, then tA  is similar to tB  

b. )(rank)(rank BA = .  (Hint:  let ASSB 1−= , )(rank Br = , and let { }ruu
v

K
v

,,1  be a basis for )(im B .  

Show that  { }ruSuS
v

K
v

,,1  is a basis for )(im A , whence rA =)(rank  also.  Alternate hint:  let 

=p nullity(B), and suppose { }
pww

v
K

v
,,1  is a basis for )(ker B .  Show that { }

pwSwS
v

K
v

,,1  is a basis 

for )(ker A , whence nullity(A) p=  also, and hence )(rank)(rank BA = .) 

 

 

 



 

12. Fix an nn×  matrix A, and let { }BAABMBV n =∈=   | , i.e. V is the set of all matrices which 

commute with A.  Show that V is a subspace of nM . 

 

13. Let { }0)6(  |  ),( =∈= fFfV RR .  Show that V is a subspace of ),( RRF .   

 

14. Fix nMA∈ , and define nn MMT →:  by ABBT =)( .  Show 

a. T is a linear transformation 

b. { })ker()(im  | )ker( ABMBT n ⊆∈=  

c. T is invertible if and only if A is invertible 

 

 

 

 

 

 


