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Midterm Exam Sample Answers

1. Use the discrete-time optimal growth model to answer this question. Assume production uses capital
and labor under constant returnsto scale, Y = AF (K, N) and that representativehousehold utility is

Up = Zﬁt log ct.
t=0

a) Write down the problem for finding the command optimum.

Ans. The command optimum is found by solving

max Z Btlog ¢y

{evkin}t =5
subject to
ke = Af (ke) + (1 = 6) ke — e,
kty1 >0 fordlt>0

where kg is given. k; denotes capital per capita.

b) Find the equations that determine the optimum.

Ans: The first-order conditions can be found by forming the Lagrangian,

L= Zﬁt (log et 4 g (Af (ke) + (1 — 6) bt — ¢t — key1))

t=0
and differentiating. These are the Euler condition,

' =81 =68+ Af (k1)) oy,
and the resource identity,
kiv1 = Af (k) + (1 —8) by — .
The additional necessary conditions are the transveraity condition, limy ., ﬁtc; lkt+1 = 0 and the initia
condition, ko given.

) Suppose the economy isin steady state and productivity, A, rises temporarily (for just one period) by
AA. How do consumption and investment respond? Explain how you would determine these responses
analytically (show how if you have time).

Ans. We start by finding the steady state which is given by

Aff (k) —6=p1-1=90
and
= Af (k") — 6k™.
A temporary risein A at timet does not change the steady state and dynamics for the economy from¢ + 1
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on. Therisein productivity increases resources at date ¢t from Af (k*) + (1 — 6) k* to (A + AA) f (k*) +

(1 — &) k*. Define the equivalent level of k; that would give us this output at time ¢ under the production
function, Af (k:), as

Af (E) F(L—8)k=(A+AA) S (K + (1 —8) k"
All we need to do is find the point on the stable saddle path for initial capital stock, &, = %, and we will
have found ¢; and the convergence path back to the steady state. The slope of the stable saddle path in a
nei ghborhood of the steady state isthe dope of the eigenvector, ©_, associated with the negative eigenval ue,

A_, of thelinearized first-order conditions at the steady state. These are

[cm_ct ]: [ —BAS" (k) AF (K } [ct_c* }

ko1 — ke ~1 0 fop — k*

The slope of the stable saddle path is

ot —C*

=0—-)_.
ke — k* R
To approximate the change in ¢;, we can use the first-order approximation for & — &* whichis
f (&)

T —k*

= o T AR A = (k") AA.

We have the change in ¢ at time+,
c—c"=(0-X_)Bf (k") AA
which is positive (consumption rises at time ¢). The capital stock for ¢ + 1 is given by substituting into the

resource identity (you could also use the linearized Euler condition):

1+ X
140

Net investment at date ¢, k1 — &*, ispositive if 1 + A_ is podtive which it is if the optimum converges

monotonically to the steady state.

kepitce = (A+AA) f(B)+(1 =8k = kn—k'=0-0-2)0)f(k)AA=

£ (k) AA

2. Consider an economy in which output is produced using human capital and physical capital in contin-
uous time. This output can be consumed or invested in physical capital. Human capital is produced using

only human capital. The production function for output is given by
yr = Akg' (gtht)lfa )
and the accumulation of human capital is given by
hi = B (1 — ;) hy — 6hs,
where ¢, isthe alocation of time to producing goods. Let the representative household's utility be
U, = /OO log cse 065 g,
t

a) Using thisinformation, write down the complete problem for finding a command optimum.



Ans. The command optimum solves

max / logese 7V qs
{cokoshs} St

subject to
k= Ak® (Lhe)' ™ — 8ky — ¢y,
h=B(1—L,) hs — &hs,
1>4,>0 k>0 and hs>0
for dl s > t, given initid capital stocks, &, and h;.

b) Solve your problem for abalanced growth path. Define abalanced growth path. What is the balanced
growth rate? What are the proportions of human to physica capital in the balanced growth path? How do
the dynamics of consumption and capital of both kinds depend on the parametersin the problem?

Ans. Thebalanced growth found by first deriving the necessary conditionsfor the optimum. The current-

time Hamiltonian is
H=1loges +q1 <Ak§‘ (£shs) '™ — 8ky — cs> "+ o (B(1— £y) hy — 6hy)

where we check that the inequality constraints on ¢ are satisfied later. An interior solution for ¢ satisfiesthe
Euler conditions,
1 = 0q1 — qra AR (Lh)' % + bqy,
G2 =0go — q1 (1 — ) AK™ (bh) € — qo B (1 — £) + 8¢,
the first-order condition in the allocation of human capital, ¢,

¢ (1 = a) AK® (€)™ h = g2 Bh,
1

- =aq
C

the transversality conditions,

lim e %q:k; =0 and Jim. e Pgpihy =0,

t—o00

the two equations of motion,
k=Ak*(h)*—6k—c and h=B(1—{)h—25h

given theinitial conditions.

A balanced growth path will have equal growth ratesfor &, k and c. Thus, £ + and £ will be constant in

) h1
the balanced growth path. The conditions above lead to

L g _Bl-BO1-0)+6=0-B+6
q2

and

BB o AR (th) = B.
q g2



The growth rateisfound using 2 = ¢; andq— =0—B+6,itis

& ko h
- =—=—-—=B-§-0.
c k h

We can find the ratio of % to & in the balanced growth path using the first-order condition for ¢ and the

equation of mation for h,
oA (th) =B and %23(1—5)—523—5—0

which imply that
L0 kK
f=r=g @ 5 =% =5\aa
The only condition we need for an interior solution isthat B > 0. We can also use the balanced growth

9 (B

rate and the equation of motion for physical capita to get the constant ratio of consumption to capital,
t=(1-a)Z 40

The dynamics depend on the sign of B — 6 — 6. If this growth rate is negative, the economy converges
to the origin as &, h and ¢ decrease exponentially toward zero. If it is positive, &, h and ¢ increase forever
exponentialy. If itiszero, k, h and ¢ remain at the initial values forever.

¢) Assume that human capital cannot be transformed into physical capital and conversely. How is the
optimal growth path determined when theinitia stocksof capital, 1o and %, are not on the balanced growth
path? Explain how the economy behavesif Z—g islessthan the balanced growth ratio of % to &. You may find
adiagram useful.

Ans: For thisquestion, you need to explain that you would add the following constraints to the optimiza-
tion problem:

h>—6h and l'cz—élc

but these just require1 > £ > 0 and ¢ > 0. Thus, 22 > 27 /g = 1and h = —6h. If 22 < 27/, = O and
k = —6k — c. Beginning at time 0, the economy foIIows atrangition path such that only investment in the
short capital stock (for example, & if h° < 2 ) takes place until the ratio of human capital to physical capital
reaches the balanced growth proportions E . When the ratio reaches the balanced growth proportions, the
alaocation of human capital, ¢, jumpstoitsbalanced growth level, £*. You might also write that the transition
takes finite time because both  and % are positive in balanced growth (only convergence of & or & to zero
would take infinite time).

A diagram would use the coordinates & and / and show the balanced growth path as an upward-sloping

ray from the origin.

3. A representative household seeks to maximize its utility over consumption and leisure given by

s—1 ( ns)l ’
Zﬁ (logcs T o )



where n, denotes labor supply. The budget identity for the household is
ast1 = (1 +7)as + wsng — cs,
where r is constant but w, can vary with time.
a) Complete the household's optimization problem and find the necessary conditions for an optimum.

Use these to express ¢, as afunction of ¢; and (1 — n,) asafunction of (1 — n).

Ans: The household optimum solves

= §—1t (1 _ns)lig
max Zﬁ logcs + ————
t

{esne,Gey1} p l1—0o
subject to

Qg1 = (1 + T) Qs + wsng — Cg,
1 t
lim < ) ar >0
t—oo \ 1 +r

1>n,2>20 , c¢g2>0,

and

for dl s > ¢, giveninitia financia wedth ag. Assume o > 0.
The necessary conditions for an optimum are

;' =B1+r)c, ),

-1
s

(1—ng) 7 =wse
asy1 = (1 +7)as + wsns — cs
and
Slgglo B e tagia

giveninitial financial wealth a;.

Tofind ¢, asafunction of ¢;, we solve thefirst-order condition for ¢ backward to get
ce=B"t1+7) "

Tofind 1 — n, we use thefirst-order conditionsfor ¢ and 1 — n to get

(1 — ns)ig _ ﬁ(l +7“) (1 - n5+1)70
Wg Ws11

and then solve backward to find
ws (1 —ns)? = Bt (1+ r)sit we (1 —ng)?

which can be written as

(1=ny= (1 +0)?)" (ﬂ) (1—ny).

Wg

b) Find expressions for consumption and leisure at time ¢ in terms of financia and human wealth.

Express these in terms of permanent income. (Hint: you can rewrite the budget identity by replacing wn.s



with ws — ws (1 — ng).)
Ans: Start by rearranging the budget identity as suggested and solving it forward and impose the transver-
sality condition to get

i(liryt [cs +ws (1 —ny)] = (1 +r)at+§;<1ir>stws.

s=t
In terms of permanent income, the budget constraint is

i( : )5t[cs+ws<1—ns>1=<1+r>at+(T“)& 39
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where permanent income is

o0

r 1 s—t
Wy = 1_%71252 <]+_r> Wg.

To find ¢;, we need the goods and |ei sure consumption first-order condition,

Cs = Wsg (1 _ns)gv

to substitute ¢, for 1 — n in expenditure, [¢s + ws (1 — n,)], and the Euler condition for consumption,
— ﬁsft (1 —I—T)Sit
to subgtitutefor ¢, intermsof ¢;.. Sincethisisan exam, you should stop here having explained how its done.
Thefull expressions for ¢; isderived as

oo s—t St Y %
Z(lj—r) A T+ Ct+z<1+r> <ﬁi <1+T)i> t<%> ws (1 —ng) = rag+wy

s=t
which becomes

o0

5=t 5— o=1
we (1 —ny)? 1iﬁ—|—wt( —nt)z<1ir> <ﬁi(1—|—r)?> tw5” = ra; + Ws.

These are simpler if we assumethat 5 =

+.
s—t 1-o
Ct‘l-ct <1—|—r> <1+T> ws 7 =rar+ W

l1—0o

00 —t 1-o
o r 1 s we\ -
we (1 —ny) —I—wt(l—nt)<1+r> Sgt <1—|—r> <Es> = ra; + w;.

¢) If atemporary productivity increase raises the wage rate at time ¢, how does this affect labor supply

and

at time ¢? If the household anticipates a permanent productivity increase beginning at time¢ + 1, how does

this affect labor supply at time ¢?
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Ans: Start with what you think will happen. The rise in permanent income rai ses goods consumption at

1

time ¢ and in the future. For example, if 5 = -,

an increase in permanent income increases consumption
forever by the same amount. The rise in goods consumption leads to arise in leisure consumption for al

s>t because(lfi;bs)a = w. Attimet, we usethe samerelationship, (17075,5)“ = w; = w+ Aw; tordlatethe
change in goods consumption to the change in leisure consumption at time¢. Letting the changein w equal

an infinitesmal, dw;, and differentiating, we get

dnt - dwt dCt

M=) w e
We can see that if ¢, does not rise by as much as w; (proportionately), then we know that labor supply, ¢,
risesat timet. Becausetheincreasein w istemporary and consumption rises forever, we know consumption
will not rise by as much as w;. Thisis the permanent income model we worked out in Problem Set 3. You
can use equation 3a

To do the algebra for this messy example, we start with equation 3a, substitute in the solved Euler

1

condition for ¢ from part b and simplify. Let’s reduce the algebra by setting 5 =

(this does not change

the economics at al), and we get

147 - 1\ 1
ct< )—I—wt(l—nt)—l— Z < ) w(l—ng)=14+7r)ar+—-w+w;
r Rt 1+4+r r

whereweused 1 — 3 = 11, and use thefirst-order condition, w (1 —ngs)? = ¢ (note, ¢, isnot atypo) for

al s >tandw (1 —ny)” =, toget

N r t i—l— 1 ct>§ N 1 N r
— — ] =ra w W.
“ 1+7 w Wy 1+7 w(w ¢ 1+7r 1+7 ¢

Next, we differentiate with respect to w; and ¢; and evaluate at w; = w:

l1—o

r c—1 /N 1 e\ T
d <—> d —<—) dey, = —— dw.
ct+<1—|—r> o w w+0’ w “ 1+r v
1 e 1-— :
<1 + — <&> )dct S <1 + d <E> )dw
o \w 1+4+r o w

do _ v (1—(%%+%<%>i>dw

Rearranging once,

and again,

e 147

The only thing we might noticeisthat 1 — (%)~ = & — % g0 that the expression in brackets equals one
if a; = 0. (Solvency requiresthat ra; < w, and we can show that dc; < dw; for » > 0 and any a; such that
solvency holds.) Therefore, labor supply rises at time ¢ and falsintime¢ + 1 to its new permanent level.
This household works more when the wage is temporarily higher and consumes more goods and leisure
when the wage returnsto its origina level.

An anticipated wage increase of the same size at date ¢ + 1 will have just a dlightly smaller effect on

permanent income only because is discounted by 1_41»7’ for one period. Consumption risesfor all datess > ¢
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again and labor supply goes up with the wage for date¢ + 1. The only differenceis that leisure will rise at

time ¢ along with ¢;. That means that |abor supply fallsintime¢ and for al timess > ¢ 4 2.



